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Description: The course will introduce the students to the basic notion of
abstract topological dynamics, with a focus on universal minimal flows. Apart
from a few foundational results the theory is relatively recent, having been
developed mostly in the last 25 years, so the course will focus on recent devel-
opements and current research trends.

Abstract: Given a topological group G, a G-flow, or simply a flow when the
group is clear from context, is a continuous action G ↷ X on a compact Haus-
dorff space. A flow is called minimal if all the orbits are dense, or equivalently
if there is no proper closed subspace of X which is invariant under the action
of G. Given two G-flows X and Y , a morphism of G-flows is a continuous map
f : X → Y which is G-equivariant, meaning that

f(g · x) = g · f(x),

for every g ∈ G and every x ∈ X. If there is a surjective morphism f : X → Y
we say that Y is a factor of X. By a classical result of Ellis every topological
group G has a universal minimal flow, that is a minimal G-flow which has all the
other minimal G-flows as factors, moreover this flow is unique up to isomorphism
[Ell60, Theorem 2], so that we can talk about the universal minimal flow of G,
denoted by M(G).
This is a central object of study in abstract topological dynamics, with much
effort devoted to explicitly describing M(G) for a group G of interest, which
is often, but not always, a Polish group, that is a completely metrizable and
separable group. This goal is often not attainable, since many groups G have a
universal minimal flow which is not metrizable and is instead a huge space con-
taining a copy of βN, the Stone-Čech compactification of the integers, making
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an explicit description impossible. As we will see during the course this is the
case for all infinite discrete groups and more generally for all locally compact
noncompact groups [KPT05, Theorem A2.2] but, surprisingly, there are groups
G for which M(G) is not only metrizable, but the trivial space with one point.
Those groups are called extremely amenable and can be equivalently character-
ized as the groups enjoying the following fixed point property: G is extremely
amenable if and only if every G-flow has a fixed point. There has been a grow-
ing interest in recent years in finding groups that have a universal minimal flow
which can be explicitely understood, in particular a lot of research has been de-
voted to establishing which Polish groups have a metrizable universal minimal
flow.

The first goal of the course will be to introduce the basic notions of topolog-
ical dynamics, to prove all the results mentioned above, and to give an explicit
example of an extremely amenable group. This will be Aut(Q,≤), the auto-
morphism group of the rationals as a linear order, equipped with the (Polish)
topology of pointwise convergence, whose extremely amenability was first estab-
lishes by Pestov [Pes98, Corollary 5.6]. As a corollary of Pestov’s result we will
obtained a characterization of M(Homeo+(S1)), the universal minimal flow of
the group of orientation-preserving homeomorphism of S1, equipped with the
compact-open topology. More explicitely we will show that M(Homeo+(S1))
can be identified with the natural action Homeo+(S1) ↷ S1, another result
due to Pestov. This leads us to the second part of the course, in which we will
focus on the case of manifolds. Inspired by the result about S1 mentioned above
Pestov asked whether M(Homeo(X)) can be identified with the natural action
Homeo(X) ↷ X when X is a closed orientable manifold of dimension at least
2. This was answered negatively by Uspenskij [Usp00], by introducing what has
now become a central object in the study of universal minimal flows: the space
of chains over M . We will give a proof of Uspenskij’s result and, to conclude
the course, we will work toward a strenghtening of it by Gutman, Tsankov and
Zucker [GTZ21], who showed that M(Homeo(X)) is not metrizable whenever X
is a compact manifold of dimension at least 3. If time permits we will sketch a
further strenghtening of this result by Basso, Codenotti and Vaccaro [BCV24].

Tentative Program:

• Lecture 1: In this lecture we will introduce the basic notions of topological
dynamics and prove existence and uniqueness of universal minimal flows.
Some examples of universal minimal flows (without proofs) will be given.

• Lecture 2: We start with a negative result: locally compact noncompact
groups are never extremely amenable. If time permits we will strenghten
this result to locally compact noncompact groups never have a metrizable
universal minimal flow.

• Lecture 3: In this lecture we will prove Pestov’s result that Aut(Q,≤) is
extremely amenable, and obtain a characterization of M(Homeo+(S1)) as
a corollary.
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• Lecture 4: We begin this lecture by introducing the Vietoris topology, the
space of chains and describing their most important properties. We will
then prove Uspenskij’s result that M(Homeo(X)) is not the natural action
Homeo(X) ↷ X when X is a compact manifold of dimension at least 3.

• Lecture 5: This lecture will be devoted to a few lemmas of indepent interest
that will be needed in the remainder of the course. We will see a criterion
due to Rosendal to check that an action has meager orbits. We will then
leverage Rosendal’s result together with some results by various authors
(Ben Yaacov, Mellerey, Tsankov, Zucker) to obtain a concrete strategy
which can be used to show that M(G) is not metrizable when G is a
Polish group.

• Lectures 5 to 8: The rest of the course will focus on proving a recent result
by Gutman, Tsankov and Zucker [GTZ21], who showed thatM(Homeo(X))
is not metrizable whenever X is a compact manifold of dimension at least
3. If there is enough time we will also sketch a further strenghtening of
this result by Basso, codenotti and Vaccaro [BCV24], in which the same
nonmetrizability result is established for groups of the form Homeo(X) for
a much wider class of spaces X.
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