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1 Introduction and preliminaries

The line integral representation of the joint survival function S(x, y) of a non-
negative continuous random vector is known since Marshall (1975). It is given by

S(x, y) = exp

{
−
∫
C
R(z) dz

}
,

where C is any sufficiently smooth continuous path beginning at (0, 0) and termi-
nating at (x, y) on a open connected region in the first quadrant and R(x, y) =
(r1(x, y), r2(x, y)) is the hazard vector, with components

r1(x, y) =
∂

∂x

[
− lnS(x, y)

]
and r2(x, y) =

∂

∂y

[
− lnS(x, y)

]
.

Surprisingly, a little attention has been given in literature to such a powerful tool
for building multivariate models. A notable exception is the working paper by Dan
Corro (2001), where one can find few life-insurance interpretations and applications.

Depending on the real problem at hand in continuous case, one might impose
appropriate functional form of the sum r1(x, y) + r2(x, y), indicating the most prob-
able future behavior of the process under the absence of information. For instance,
Pinto and Kolev (2015) assumed that

r(x, y) = r1(x, y) + r2(x, y) = a0 + a1A1(x) + a2A2(y) for all x, y ≥ 0, (1)

where a0, a1 and a2 are non-negative parameters with non-negative increasing dif-
ferentiable functions A1(x) and A2(y). In Pinto and Kolev (2016) is investigated
the particular case when A1(x) = x and A2(y) = y in (1), leading to a huge class of
bivariate models.

In Kolev (2020) the notion of a discrete line integral on uniform grids is intro-
duced and many well known and new bivariate discrete models are generated.
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2 Course outline

The main goal of the course is to show the importance of the line integral for
constructing multivariate continuous and discrete models taking into account the
physical nature of the process, which is governed by the components of the hazard
vector. This new methodology will be illustrated by many examples. Actuarial
applications involving Green’s theorem will be presented.

OUTLINE:

1. Line Integral and Fundamental Theorem of Calculus;

2. Exponential Representation of Bivariate Survival Function;

3. Bivariate Continuous Case - Examples and Sibuya’s Aging Property;

4. Green’s Theorem Applications and Optimal Path;

5. Discrete Line Integral on Uniform Grids: Construction and Properties;

6. Exponential Representation for Bivariate Discrete Models;

7. Discussion and Further Research.
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